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Abstract. This paper investigates the symmetry of polarimetric scattering and 
emission coefficients of media with reflection symmetry. A reflection operator is 
defined and is used to create the images of electromagnetic fields and sources. The 
image fields satisfy Maxwell's equations, meaning that Maxwell's equations are 
invariant under the described reflection operations. By applying the reflection 
operations to media with reflection symmetry, the symmetry properties of the Stokes 
parameters, characterizing the polarization state of thermal emissions, are shown to 
agree with existing experimental data. The first two Stokes parameters are symmetric 
with respect to the reflection plane, while the third and fourth Stokes parameters have 
odd symmetry. In active remote sensing, the symmetry properties of the polarimetric 
scattering matrix elements of deterministic targets and the polarimetric covariance 
matrix elements of random media or distributed targets are examined. For deterministic 
targets, the cross-polarized responses are odd functions with respect to the symmetry 
direction, whereas the copolarized responses are even functions. For distributed targets 
or random media, it is found that the correlations of copolarized and cross-polarized 
responses are antisymmetric with respect to the reflection plane, while the other 
covariance matrix elements are symmetric. Consequently, in the cases of backscatter, 
the copolarized and cross-polarized components are completely uncorrelated when the 
incidence direction is on the symmetry plane. The derived symmetry properties of 
polarimetric backscattering coefficients agree with the predictions of a two-scale 
surface scattering model and existing sea surface HH and VV backscatter data. Finally, 
the conditions for a general type of media, i.e., bianisotropic media, to be reflection 
symmetric are examined. 

1. Introduction 

This paper discusses the symmetry properties of 
the polarization components of active scattered 
fields and passive thermal radiations from media 
with reflection symmetry in light of recent signifi- 
cant interests in polarimetric active and passive 
remote sensing of geophysical media, particularly, 
wind-toughened ocean surfaces, which are symmet- 
ric with respect to the wind direction. In active 
remote sensing, the HH or VV backscatter from 
wind-induced sea surfaces has been known to be 

symmetric with respect to the wind direction 
[Wentz et al., 1984]. However, symmetries of the 
other polarimetric backscattering coefficients, char- 
acterizing the mutual correlation between the elec- 
tric fields collected with two arbitrary antenna po- 
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larizations, have not yet been discussed. In passive 
remote sensing the polarization states of thermal 
radiations are described by a Stokes vector with 
four parameters. The first two Stokes parameters of 
sea surface brightness temperatures were found to 
be symmetric with respect to the ocean wind direc- 
tion [Etkin et al., 1991; Wentz, 1992; Yueh et al., 
1994c], while the third Stokes parameter was an odd 
function for emissions from corrugated soil surfaces 
[Nghiem et al., 1991], from periodic water surfaces 
[Johnson et al., 1993; Yueh et al., 1994a], and from 
sea surfaces at normal incidence [Dzura et al., 1992] 
and at incidence angles of 30o-50 ø [Yueh et al., 
1994c]. Additionally, those observed symmetry 
properties of Stokes parameters are consistent with 
the results generated by a theoretical emission 
model for random rough surfaces [Yueh et al., 
1993]. Although the experimental evidence de- 
scribed above had suggested the symmetries of 
polarimetric active scattering and passive emission 
coefficients, there was no rigorous explanation 
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Figure 1. Relations between the original field and the 
image field defined by the reflection operator. 

based on the Maxwell equations. Here this paper 
shows that the symmetries of electromagnetic fields 
scattered or emitted from reflection symmetric me- 
dia can be derived from the Maxwell equations. 

Section 2 demonstrates that Maxwell's equations 
are invariant under a described reflection operator. 
Section 3 describes how the polarization vector 
components of electric fields are transformed under 
the reflection operation. Section 4 presents the 
symmetry properties of thermal radiations with 
respect to the reflection plane, while section 5 
presents the symmetry properties of polarimetric 
scattering coefficients. The conditions for media to 
be reflection symmetric are discussed in section 6. 

2. Reflection Operations and the 
Invariance of Maxwell's Equations 

This section introduces a reflection operator and 
its commutation relations with the divergence and 
curl operators, which are two of the most frequently 
used operators in many areas of physics, including 
quantum mechanics, fluid dynamics, and electro- 
magnetics. In this paper we restrict the applications 
of the reflection operator to electromagnetics and 
use it to investigate the symmetry of electromag- 
netic fields. Specifically, using the reflection opera- 
tor, we introduce a complementary problem with 
the fields corresponding to the images of a set of 
electromagnetic fields, and we show that the image 
fields satisfy Maxwell's equations to demonstrate 
the invariance of Maxwell's equations under the 
reflection operations. 

Without loss of generality, throughout this paper 
the x-z plane, unless otherwise mentioned, is cho- 
sen as the reflection plane, with respect to which 
the reflection operation is applied. The reflection 
operator • is defined as follows: When • is applied 
to a scalar field a(x, y, z), it creates a reflection 
image a' by the following relation: 

a'(x, y, z)= •(a(x, y, z)) = a(x, -y, z) (1) 

When applied to a vector field A, it creates another 
vector field A', 

A'(x, y, z)= •(A(x, y, z))= .i:Ax(x, -y, z) 

--pAy(x, -y, Z) + L4z(X, -y, Z) (2) 

Given the above definition as illustrated in Figure 1, 
it is straightforward to show that for an arbitrary 
vector field A the following commutation relations 
hold true when • operates together with the diver- 
gence and curl operators: 

V. •(A) = •(V. A) 

V x •(A)= -•(V x A) 

(3) 

Hence • is commutable with the divergence oper- 
ator and does not change the divergence of the 
vector field. In contrast, an additional minus sign is 
observed when the reflection and curl operations 
are reversed. This is because the reflection opera- 
tion causes a sign change to the vector component 
perpendicular to the reflection plane, thus changing 
the handedness of the vector field. 

Using •, we can define a complementary prob- 
lem with the fields and sources related to the images 
of those in the original problem. Specifically, the 
fields in the complementary problem, indicated by a 
prime, are defined as follows' 

E'(x, y, z)= •(E(x, y, z)) 

D'(x, y, z)= •(D(x, y, z)) 

J'(x, y, z)= O•(J(x, y, z)) 

(4) 

and 

p'(x, y, z)= •(p(x, y, z)) 

H'(x, y, z)= -O•(H(x, y, z)) 

B'(x, y, z)= -O•(B(x, y, z)) 

(5) 
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Note that unlike the electric fields and sources, the 
images of "magnetic" quantities H and B carry a 
sign opposite to that of the fields created by the 
reflection operator. That is, the reflection plane 
actually resembles a perfect magnetic conducting 
wall. In contrast to the above image fields, another 
set of fields can be created by simulating the reflec- 
tion plane as a perfect electrical conducting wall 
with the signs of all "electric" quantities reversed, 
while maintaining the signs of magnetic quantities. 
However, these two sets of definitions lead to the 
same conclusions on the symmetry properties of 
polarimetric thermal radiations (section 4), polari- 
metric scattering coefficients (section 5), and crite- 
ha for a medium to be reflection symmetric (section 
6). Thus we discuss only the case in which the 
reflection plane corresponds to a perfect magnetic 
conducting plane. 

In the original problem the electric field E, mag- 
netic field H, electric displacement D, and magnetic 
flux density B are related to the charge density p and 
current density J through the Maxwell equations, 

z vEv 

hEh 
I 

I 

I 

I 

I 
y 

I 

I 

Figure 2. Illustration of horizontal and vertical polar- 
ization vectors/• and b for the electric field propagating in 
the • direction. 
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Ot 

(6) V. B' = 0 (9) 

and the generalized Ampere's law holds for the 
image fields and currents' 

OD' 
VxH'=J'+ , (10) 

Ot 

Given the commutation relations of •t with the 

divergence and curl operators, it can be shown that 
the fields and sources in the complementary prob- 
lem satisfy Maxwell's equations. For Gauss's law 
of electric displacement, applying the commutation 
relation of the reflection operator with the diver- 
gence operator leads to 

V.D' = V.•(D): •(V. D) = •(p) = p' (7) 

For the Faraday induction law, which involves the 
curl operator, making use of the commutation rela- 
tion results in 

v x E'= V x •(E) = -•(V x E) = • = (8) 
ot ot 

In a similar way it can be shown that B satisfies 
Gauss's law: 

Hence the image fields and sources obtained 
through the reflection operations satisfy Maxwell's 
equations. In other words, Maxwell' s equations are 
invariant under the reflection operations. 

3. Transformation of the Polarized 

Components of Electric Fields 

To facilitate the symmetry analyses of polarimet- 
tic scattering and emission coefficients, this section 
shows how the horizontally and vertically polarized 
components of electric fields are transformed under 
the reflection operation. In polarimetric remote 
sensing an electric field in the far-field regime prop- 
agating in the direction • (= b x /•) is decomposed 
into horizontal and vertical components (Figure 2), 

E(0, ½b)= En(O, cb)t•(O, ok)+ Ev(O, •b)b(0, •b) (11) 
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where/• and b represent the horizontal and vertical 
polarization vectors, respectively, and • is the prop- 
agation direction, 

4') = sin 4'•- cos 4'9 

•(0, 4') = -cos 0 cos 4'•- cos 0 sin 4'• + sin O• 

•(0, 4') = sin 0 cos 4'• + cos 0 sin 4':9 + cos O• 

(12) 

charged particles with their energy states changed 
by the absorption and scattering effects of the 
media. If the media have geometric directional 
features or anisotropic medium properties, emis- 
sion from such media becomes partially polarized 
with its polarization state described by a Stokes 
vector Is with four parameters, Tv, Th, U, and V 
[Tsang et al., 1985]: 

Applying the reflection operator to the polarization 
vectors and propagating vector yields 

•(/i(o, 4,))=-/i(o, 4,) 

•(0(0, •b))= 0(0, •b) (13) 

4,)) = •(o, 4,) 

Hence the electric field E' in the complementary 
problem obtained from the reflection operation is 

•'(o, 4,)= •(•(o, 4,))=-En(O,-4,)/i(0, 4,) 

+ Ev(O, -•b)0(0, •b) (14) 

However, since the electric field E' can also be 
expressed in terms of the polarization vectors 

E'(0, 4>)= g•(o, cb)nr(O, ok)+ g•,(O, 4>)0(0, 4>) (15) 

we obtain the following relations by comparing the 
above two equations: 

E• ( O, - qb ) =-Eh(O, 
(16) 

E;(0, -4,)= Ev(O, ,t,) 

for any 0 and qb. The above results are essential to 
deriving the symmetry properties of passive emis- 
sion and active scattering coefficients in the next 
two sections. 

It should be noted that E•,(O, cb) and E•(O, cb) are 
the polarization components of a wave propagating 
in the direction •(0, 40, while Ev(O, -cb) and 
Eh(O , -•) are those of an image wave propagating 
along the •(0, -q b) direction. The propagation direc- 
tions of these two waves are not parallel to each 
other. 

4. Symmetry of Polarimetric Brightness 
Temperatures 

Thermal emissions from geophysical media are 
electromagnetic radiations from fluctuating currents 
representing the random thermal motions of 

rv (eveS) ] 
(EhE:•) I 

Is = = c Re (EvE• ) l 2Im (EVE;) I 
(17) 

where c is a constant and E h and Ev are the 
horizontally and vertically polarized components of 
the radiated electric fields illustrated in Figure 2. 
The angle brackets denote the ensemble average, 
taking into consideration the random motion of 
charges or random distribution of medium parame- 
ters. The asterisk denotes the complex conjugate. 

Before deriving the symmetry properties of ther- 
mally radiated electric fields, the implications of 
reflection symmetry on medium parameters and 
thermally excited electric currents J are discussed. 
Regarding medium parameters there are two types 
of media, deterministic and random. The medium 
parameters, such as permittivity and permeability, 
of a deterministic target are deterministic functions 
in space, while a random medium has to be realized 
by an ensemble of deterministic targets. Since de- 
terministic targets can be considered a special case 
of random media with only one realization in the 
ensemble, it is not necessary to separately discuss 
the case of deterministic targets. For random me- 
dia, reflection symmetry means that for any realiza- 
tion of the medium there is another realization, 
which is reflection symmetric to that realization. 
For example, the reflection image of an isotropic 
medium with e = e(x, y, z) and/x = /x(x, y, z) is a 
medium with e = e(x, -y, z) and/x - /x(x, -y, z). 
(The general conditions for two targets to be reflec- 
tion symmetric to each other are detailed in section 
6.) Besides a direct effect on the wave propagation 
and scattering, the symmetry of medium parame- 
ters implies the statistical symmetry properties of 
thermally induced electric currents and, conse- 
quently, the electromagnetic fields generated by the 
current sources. According to the fluctuation and 
dissipation theorem [Landau and Lifshitz, 1960; 
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Yueh and Kwok, 1993], the current density J due to 
the random motion of charges is random with zero 
mean and is spatially uncorrelated. In addition, its 
second moment is linearly proportional to the pa- 
rameters characterizing the lossy effects of the 
medium, such as the imaginary parts of permittivity 
and permeability. Hence the random current can be 
characterized by a random process with the same 
symmetry properties as those of medium parame- 
ters. On the basis of the above discussion it is 

concluded that if we define an original problem 
representing a realization of the random medium 
and the random current, we can always find another 
realization, which forms the corresponding comple- 
mentary problem defined in section 2, as long as the 
random medium is reflection symmetric. 

For each realization of random currents and 

medium, (16) implies that the electric field E' radi- 
ated from the image current sources in the comple- 
mentary problem must be related to the radiated 
electric field in the original problem by 

IEh(O, -0)l 2- IEh(O, 0)l 2 

IE•,(O, -4,)12- IEv(O, 4,)12 (18) 

E•,(O, -O)E•*(O, -ok) =-Ev(O, O)E•(O, 

For media with reflection symmetry, which allows 
us to drop the superscript, ensemble averaging the 
above equation over all realizations of random 
fluctuating currents and medium parameters leads 
to 

<lEh(O, -0)l 2) = <lEh(O, 0)l 2) 

<]Ev(O, -•)l 2) = <lEv(O, •)l 2) (19) 

(Ev(O,-O)E•(O, -ok)) =-(Ev(O, O)E•(O, 

Using (17), we can further translate the above 
equations into the symmetries of Stokes parameters' 

T•(O, •)= T•(O, -•) 

Th(O, •)= Th(O, --•) 

U(O, •) = - U(O, -•) 

(20) 

v(o, •)=-v(o, -•) 

Hence T• and T h of reflection symmetric media are 
even functions of 0, while the third and fourth 
Stokes parameters are odd functions. 

Note that the relation shown in (20) is derived for 
the special case in which the x-z plane is the 
symmetry plane. However, following the same ar- 
gument leading to (20) allows us to extend the result 
to the case in which the symmetry plane is perpen- 
dicular to the x-y plane and makes an azimuth angle 
•b r with the x-z plane. The result is 

Tv(O, 20r - O)= Tv(O, O) 

Th(O, 2qbr - qb) = Th(O, qb) 

U(O, 2qbr - qb)= -U(O, qb) 

(21) 

V(O, 2qbr - qb) = -V(O, qb) 

for a medium reflection symmetric to the plane 
defined by the azimuth angle •b r. 

In the following, using the general results given in 
(21), we analyze the symmetry properties of Stokes 
parameters for two special cases: (1) a medium 
which is reflection symmetric with respect to both 
the x-z and y-z planes and (2) a medium that is 
reflection symmetric to any plane perpendicular to 
the x-y plane. 

For case 1, in which both the x-z (0r - 0) and y-z 
(0r - rr/2) planes are symmetry planes of the 
medium, substituting •b r = rr/2 and replacing 0 by 
-0 in (21) give 

T•,(O, rr + ok)= T•,(O, -ok) 

Th(O, 'n' + ok)= Th(O, 

w(o, =. + O)= -u(o, -0) 

(22) 

v(o, • + &)= -v(o, 

Further substituting (20) into (22) shows that the 
Stokes vector is symmetric to the origin 

Is(O, O)= Is(O, 0 + rr) (23) 

This is expected for media reflection symmetric to 
both the x-z and y-z planes. 

The second special case corresponds to the situ- 
ation in which the media do not have preferred 
azimuth-directional features or are azimuthally 
symmetric. This case is important because most 
natural media belong to this category. To be pre- 
cise, the definition of azimuthal symmetry is that a 
medium is azimuthally symmetric if and only if the 
medium is reflection symmetric with respect to any 
plane perpendicular to the x-y plane. This allows a 
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Figure 3. Directional dependence of the Stokes parameters of thermal emission from sea surfaces 
measured with an incidence angle of 40 ø using an aircraft K band multipolarization radiometer [ Yueh 
et al., 1994c]. Q = (Tv - Th). 

derivation of the symmetry properties of Stokes 
parameters using (21) along with the azimuthal 
symmetry assumption in two steps: First, letting 
•b r = 4)/2 shows that the Stokes parameters are not 
a function of (k. Next, substituting •b r = • into (21) 
shows that U and V are zeros for an arbitrary 
azimuth angle 4). Hence the Stokes vector of ther- 
mal radiation from azimuthally symmetric targets is 
independent of azimuth observation direction, and 
furthermore the third and fourth Stokes parameters 
are zero. 

The symmetry relations described in (20) are 
evident in Figure 3, illustrating the polarimetric 
brightness temperatures of sea surfaces measured 
with an incidence angle of 40 ø at K band (19.35 
GHz) by Yueh et al. [1994c]. As shown, T v, Th, and 
Q (- Tv - Ta) are symmetric with respect to the 
wind direction (4) - 0ø), while the third Stokes 
parameter U is an odd function of 4). For easy 
comparison, second-harmonic cosine (sine) series 
fits of Tv, Ta, and Q(U) are also included. Note that 
because of the up/downwind asymmetric sea sur- 
face features, such as foams and hydrodynamically 
modulated capillary waves, the Stokes parameters 
are less symmetric with respect to the crosswind 
direction •b = 90 ø. 

5. Symmetry of Polarimetric Scattering 
Coefficients 

Recent interest in the symmetry of polarimetric 
scattering coefficients arise from the predictions of 

theoretical scattering models [Borgeaud et al., 
1987] and experimental observations for the polari- 
metric remote sensing of geophysical media [Ng- 
hiem et al., 1993a], indicating that the copolarized 
and cross-polarized components of backscattered 
fields are uncorrelated for media with azimuthal 

symmetry, i.e., that the media are reflection sym- 
metric with respect to any plane perpendicular to 
the x-y plane. In particular, this relation has been 
successfully used to estimate the cross-polarization 
couplings existing in polarimetric radars using the 
responses from distributed targets with azimuthal 
symmetry [van Zyl, 1990]. Explanation of this com- 
plete decorrelation between copolarized and cross- 
polarized responses from azimuthally symmetric 
media was conducted by Nghiem et al. [1992], 
based on the condition given by (11) in their paper. 
In contrast, this paper directly derives from the 
Maxwell equations the symmetry relations of pola- 
rimetric bistatic and monostatic scattering coeffi- 
cients of reflection symmetric media, and it shows 
that the complete decorrelation of copolarized and 
cross-polarized responses from targets with azi- 
muthal symmetry is a special case of the general 
results. 

Figure 4 depicts the scattering configuration, in 
which a target is illuminated by a plane wave with 
horizontally and vertically polarized components 
Ehi and Evi incident from the direction Oi and •b i and 
scattered into the direction 0 and 4) with the hori- 
zontally and vertically polarized electric field com- 
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ponents denoted by Ehs and Evs. The polarimetric 
scattering matrix elements f,•, with a and/3 being 
either h or v, relate the incident electric fields to the 
scattered electric fields by the following equation: 

Ehs(O, ok) e ikr [fhh(O, ok; Oi, •)i) fhv(O, ok; Oi, •)i) 
Evs(O, qb) r [fvh(O, qb; Oi, (•i) fvv( O, (•; Oi, (•i) 

Ehi(Oi, •bi)] gvi(Oi, (•i)] (24) 
where r is the range from the target to the receiver. 
Similar notations are used with the addition of a 

prime indicating the electromagnetic fields in the 
complementary problem. For example, the scatter- 
ing matrix elements in the complementary problem 
are denoted by f•. 

According to (16), the electric fields in the origi- 
nal and complementary problems are related by 

E•s ( O, - qb ) =-Ehs(O, 
(25) 

E•.s(O. -0) = Evs(O. O) 

and 

E•i(Oi, -(•i)---Ehi(Oi, (•i) 

E;i(Oi, --Oi) '-- Evi(Oi, Oi) 
(26) 

Because the above equations are valid for arbitrary 
excitations, the scattering matrix elements of the 
original and complementary media are therefore 
related by 

f•h( O, --0; Oi, --Oi) =fhh( O, O; Oi, 

fgv(O, -0; Oi, 

f;h(O, --C•; Oi, 

--(•i)-' --fhv( O, (•; Oi, (•i) 

--Oi)----fvh( O, O; Oi, 
(27) 

f•v(O, -0; Oi, -Oi) =fvv(O, O; Oi, (•i) 

For deterministic targets with reflection symmetry 
the complementary problem becomes the original 
problem. The prime can be dropped, leading to the 
results that copolarized scattering matrix elements 
are even functions with respect to x-z plane, while 
the cross-polarized components are odd functions. 
An interesting special case is that when 0 = 0i = 0, 
i.e., the incident and observation directions are on 
the reflection plane, the cross-polarized compo- 
nents fhv and fvh become zero, as expected. 

For randomly distributed targets or rough sur- 

E 

E• 

Evi 
I 

I 

I I 
I I 

i I 
• I 
I .... I 
I 

Ifhhfhvl fvh fvv 
Figure 4. Bistatic scattering configuration. 

faces their scattering properties are described by 
the polarimetric bistatic scattering coefficients: 

'YotfilaV( O, (•; Oi, (•i) 

4•r(f. ts(0. 4>; Oi, Oi)•v( O, O; Oi, 
= (28) 

A cos O i 

with a,/3,/z, and v being either h or v. The factor A 
is the illuminated area used to normalize the scat- 

tering cross sections. The scattering coefficient 
•,•/• characterizes the correlation between f•t• and 
f• with the ensemble average, denoted by angle 
brackets, taken over the distributions of all the 
medium parameters, including the permittivity, per- 
meability, and surface roughness. 

For each realization of random medium or rough 
surface the polarimetric bistatic scattering coeffi- 
cients, denoted by •,•/•, of the complementary 
problem can be shown to be related to the scattering 
coefficient of the original problem by 

'Y;filaV( O, --0; Oi, --Oi)-' 'YotfilaV( O, O; Oi, 

a=fiand/z=v or a•fiand/z•v 

'Y;filaV( O, --0; Oi, --Oi)----'YotfilaV( O, O; Oi, 

(29) 

otherwise 

by substituting the symmetry relations given in (27) 
into (28). If the random medium is reflection sym- 
metric with respect to the x-z plane, the comple- 
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mentary problem reduces to the original problem, 
meaning that (29) reduces to 

a=/3andt•=v or a•/3andt•-•v 

Yafi/•e( O, --0; Oi, --Oi)----Yafi/•e( O, O; Oi, 

otherwise 

(30) 

Note that the scattering coefficients denoting the 
correlation between copolarized and cross-polar- 
ized responses have odd symmetry, while the oth- 
ers are symmetric. 

In the case of backscattering, where transmitting 
and receiving antennas are colocated, the polari- 
metric backscattering coefficients are related to the 
bistatic scattering coefficients by 

ITotfil.•(Oi, qbi)= COS OiTotfil.•(Oi, •b i q- 71'; Oi, •bi) (31) 

In the following discussions, Crhhhh, Crvvvv, Crhvhv, 
and Crvhvh are represented by conventional notations 
Crhh, Crvv, Crhv, and Crvh. Because the factor cos Oi is 
not a function of the azimuth angle •bi, the symme- 
try of polarimetric backscattering coefficients can 
be easily reduced from that of bistatic scattering 
coefficients. Explicitly, the conventional backscat- 
tering coefficients and the correlations between two 
copolarized or two cross-polarized responses are 
even functions of 4•i: 

O'hh(Oi, --(•i) = O'hh(Oi, (•i) 

ITvv(Oi, --•bi) = ITvv(Oi, •bi) 

O'hhvv ( O i , --(•i) = O'hhvv(Oi, (•i) 

O'hv(Oi, --(•i) = O'hv(Oi, (•i) 

(32) 

O'vh(Oi, --(•i) = O'vh(Oi, (•i) 

O'hwh(Oi, --(•i)-' O'hwh(Oi, (•i) 

while the correlations between copolarized and 
cross-polarized backscatters are odd functions' 

O'hhhv(Oi, --(•i) =--O'hhhv(Oi, (•i) 

O'hhvh ( O i , 

IT hvvv ( O i , 

-- (• i ) -- -- O'hhvh ( O i , (• i ) 

--•bi)----iThvvv(Oi, •bi) 

(33) 

ITvhvv(Oi, --•bi)----iTvhvv(Oi, •bi) 

For the special case in which the incidence direc- 
tion is on the reflection plane (•bi = 0), (33) implies 
that 

O'hhhv ( O i , O)--O'hhvh(Oi, O)-• O'hwv ( O i , O) (34) 

--' ITvhvv(Oi, O) = 0 

meaning that the copolarized and cross-polarized 
responses are uncorrelated. This has been observed 
in the results of many scattering models for geo- 
physical media with reflection symmetry, such as 
the random medium model by Borgeaud et al. 
[1987], but has not proved to be exact until the 
study presented here. 

Note that (32) shows that the backscattering 
coefficients Crhh and Crvv are even functions of the 
azimuth angle •bi. This has been well known in the 
microwave backscattering coefficients of wind-gen- 
erated sea surfaces, which are symmetric with 
respect to the wind direction. For example, the 
Seasat A satellite scatterometer (SASS) geophysi- 
cal model function [Wentz et al., 1984] empirically 
relates the ocean wind vectors to the microwave 

backscattering coefficient cr 0 (Crhh or Crvv) by the 
following harmonics expansion: 

rr0 = A0 + AlCOSqbi + A2cos2qbi (35) 

which is an even function of the azimuth angle •b i. 
Figures 5a and 5b illustrate Crvv and Crhh, calculated 
by using the SASS geophysical model function, as a 
function of •b i for the wind speed of 11.5 m/s. The 
plots also include the backscatters measured by 
NUSCAT during the Surface Wave Dynamics Ex- 
periment (SWADE) in 1991 [Nghiem et al., 1993b]. 
As shown, Crhh and Crvv are symmetric functions of 
•bi. To study the symmetry properties of the other 
polarimetric backscattering coefficients, also in- 
cluded in Figure 5 are the theoretical polarimetric 
backscattering coefficients calculated by using a 
two-scale sea surface scattering model originally 
developed by Durden and Vesecky [1985] for Crvv 
and Crhh and generalized to polarimetric scattering 
by Yueh et al. [1993]. Figure 5e reveals a 180 ø phase 
change in Phhhv and Phvvv at the upwind (•bi = 0 ø) and 
downwind (180 ø) directions, indicating that theoret- 
ical correlations between copolarized and cross- 
polarized responses from sea surfaces have odd 
symmetry--as proved in this paper based on reflec- 
tion symmetry assumption. Note that as expected, 
all backscattering coefficients are less symmetric 
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Figure 5. Sea surface backscattering coefficients versus azimuth angle for the wind speed of 11.5 
m/s at the incidence angle Oi = 30ø: (a) trvv, (b) ann, (c) trnv, (d) magnitudes of correlation coefficients 
Pnnv•, Pnnn•, and Pn•v, and (e) phase angles of correlation coefficients Pnn•, Pnnn•, and Pn•v•. The 
copolarized responses ann and tr• include the data calculated from the SASS geophysical model 
function [Wentz et al., 1984], the data collected by NUSCAT during SWADE [Nghiem et al., 
1993b], and a theoretical sea surface scattering model [Yueh et al., 1993]. The coefficients for the 
empirical sea surface spectrum [Durden and Vesecky, 1985] are used except that the spectrum 
amplitude is raised from 0.004 to 0.006 to better fit theoretical tr•v and ann with SASS and NUSCAT. 
The correlation coefficients are defined as follows: Phhvv -- ø'hhvv/(ffhhffvv) 1/2 Phhhv -- ø'hhhv/ 
(O.hh O.hv ) 1/2, and Phvvv = ø'hvvv/ (ø'hvø'vv) 1/2. ' 

with respect to the crosswind direction because of 
the up/downwind asymmetric features in wind-in- 
duced sea surfaces. 

6. Conditions for Reflection Symmetry 
Though reflection symmetry has been used fre- 

quently to verify solutions or simplify problems, the 
criteria for media to be reflection symmetric have 
not yet been addressed. In fact, this is a question 
that cannot be answered based on electromagnetics 

alone, because the medium parameters, such as the 
permittivity and permeability, are determined by 
how the particles react under the influence of elec- 
tromagnetic forces together with other mechanical 
forces present in the media. Hence the most general 
approach to decide whether a medium is reflection 
symmetric should be to show that all relevant 
physical laws, which govern particle motions, such 
as Lorentz force for charged particles and Schr6- 
dinger's equation in quantum mechanics, have to be 
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reflection symmetric. However, to avoid such com- tx• 
plexity and to discuss cases as generally as possible 
without being constrained to specific physical la3x 
mechanisms or governing laws, this paper investi- la•x 
gates a general type of media, i.e., bianisotropic 
media [Kong, 1986]. 

In electromagnetics the macroscopic medium 
properties are described by a set of constitutive = 
relations, which connect the vector fields E, H, D, 
and B. The constitutive relations of a bianisotropic 
medium are given by 

D=e.E+x.H 
(36) 

B=g.E+Ix.H 

where • and • are the permittivity and permeability 
tensors, X describes how electric displacement re- 
acts in the presence of a magnetic field, and [ causes 
the magnetic flux density to respond to the electric 
field. Similarly, the constitutive relation of the me- 
dium in the complementary problem is described by 

! 

Xxx 

la xy latz 

' 'l la y y la y z 

! 

lazy laZZ Jr=(x,y,z ) 

I la x x -- la xy 
-- lay x layy 
la zx -lazy 

Xyy 

X zy 

k-Xzx 

and 

D'=e'.E'+x'.H' •x •y •z 
(37) 

For convenience, the tensors described above •x •y •z 
shall be represented by a three-by-three matrix in 
the Cartesian coordinate. For example, the matrix e 
is denoted in the Cartesian coordinate as = 

E x x E xy E xz 

œ • Ey x Eyy Ey z 

E z x E zy E zz 

(38) 

Similar notations are used for all the other tensors. 

Because the reflection operations defined by (4) 
and (5) hold for arbitrary field quantities, it is 
straightforward to show that e', Ix', X', and g', 
evaluated at the position r - (x, y, z), are related to 
e, Ix, X, and g, evaluated at r - (x, -y, z), by 

- layz 

la zz r=(x,-y,z) 

(40) 

E t E xx E xy xz 
! ! 

Ey x Eyy Ey z 

! ! ! J E zx E zY E zz r=( x,y,z) 

(39) 

Xyz 

! 

Xzz Ir=(x,y,z) 

Exz 

-- Ey z 

E ZZ r=(x,-y,z) 

Xxy 

-Xyy 

Xzy 

Xyz 

--,¾zz r=(x,-y,z) 

(41) 

Exx --Exy 

: -- Ey x Eyy 

Ezx --Ezy 

r=(x,y,z) 

- Cxx Cxy - Cxz- 
•yx --•yy •yz 
-- •zx •zy -- •zz r:(x,-y,z) 

(42) 

For homogeneous, bianisotropic media with reflec- 
tion symmetry with respect to the x-z plane the 
above relations imply that 

Exy = Ey x : Ey z = EZY : 0 

la xy = la y x = la y z = lazy = 0 

Xxx -- Xyy -- XZZ -- Xxz : XZX : 0 

(43) 

•xx = •yy = •zz = •xz = •zx --0 

Bianisotropic media satisfying the above symmetry 
conditions have been used by Yang and Uslenghi 
[1993] in their analysis of planar bianisotropic 
waveguides. 

Special cases of bianisotropic media include iso- 
tropic media, biaxial media, chiral media, and gy- 
rotropic media. For isotropic media with X = • = 0 
and e and Ix being a scalar, (39) and (40) reduce to 
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•'(x, -y, z)= •(x, y, z) 

a'(x, -y, z)= a(x, y, z) 

(44) 

Therefore for deterministic, isotropic media the 
media are reflection symmetric if and only if • and/x 
are even functions of y. In contrast, for random 
media with • and /x described by spatial random 
processes, reflection symmetry means that the gov- 
erning random processes for • and/x are symmetric 
with respect to the reflection plane. In other words, 
if • = •(x, y, z) and/x = /x(x, y, z) are realizations 
of the random medium, then there exists another 
realization with • = e(x, -y, z) and/x =/x(x, -y, z). 

For a homogeneous biaxial medium, X and • are 
zero, the permeability is a scalar, and the permit- 
tivity is a diagonal tensor in the principal coordinate 
described by 

(45) 

If the medium is rotated with respect to the y axis 
by an angle •, then the matrix representation of e in 
the laboratory frame becomes 

exCOS :$+ez sin :$ 

œ= 0 

(ez - e•) cos $ sin $ 

0 (ez- ex) cos $ sin 

ey 0 

0 exsin 2$+ezcos 2 

(46) 

Hence the medium is reflection symmetric with 
respect to the x-z plane but not the other vertical 
planes. 

Unlike biaxial media, a gyrotropic medium is 
anisotropic but nonreciprocal [Kong, 1986], includ- 
ing either electrically gyrotropic media or magneti- 
cally gyrotropic media. The general form of e for an 
electrically gyrotropic medium, such as electron 
plasma under the influence of an applied external 
constant magnetic field, with the optical axis point- 
ing in the z direction is given by 

e ie a 0 

e = -ie a e 0 

0 0 ez 

(47) 

As discussed, the medium is reflection symmetric 
with respect to the x-y plane but not the x-z or y-z 
planes. 

For chiral media, which have been receiving 

significant attention in recent years, the constitutive 
relation is 

D = e E + ixH 
(48) 

B = -ixE + 

Hence according to (43), homogeneous chiral media 
are not reflection symmetric with respect to any 
vertical plane. However, the reflection image of a 
right-handed chiral medium (X > 0) is a left-handed 
chiral medium (X < 0), and vice versa. 

7. Summary 

This paper has analyzed the symmetry properties 
of polarimetric active scattering and passive emis- 
sion coefficients of media with reflection symmetry. 
For passive remote sensing it is shown that the first 
two Stokes parameters of thermal radiations from 
reflection symmetric objects are even functions 
with respect to the symmetry plane, while the third 
and fourth Stokes parameters are odd functions. 
For active scattering the corr½lation coefficients of 
copolarized and cross-polarized responses are anti- 
symmetric, unlike the other polarimetric scattering 
coefficients. These symmetry relations are shown to 
agree with the azimuthal signatures of microwave 
backscattering and emission measurements of sea 
surfaces and artificially constructed surfaces with 
directional features reported in the literature. 

Potential applications of the studied symmetry 
r½lations include the detection of geophysical direc- 
tional features using polarimetric remote sensing 
measurements. For example, the symmetry prop- 
erty of each polarimetric scattering or emission 
parameter derived in this paper suggests an appro- 
priate functional form for the geophysical mod½l 
function which r½lat½s the radar or radiometer ob- 

servations to the direction of geophysical features. 
That is, while a cosine series of the azimuth angle 
was appropriate for the HH and VV backscattering 
coefficients in the SASS mod½l function [Went• et el., 
1984] and the brightness temperatures at horizontal 
and vertical polarizations in the SSM/I mod½l function 
[Went•, 1992] of sea surfaces, a sine series should be 
used in the geophysical mod½l function of the other 
polarimctric scattering and emission coefficients that 
have odd symmetry [Yueh et el., 1994b, c]. 
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